Measuring the characteristic function of the work distribution by Mazzola, Laura et al.
ar
X
iv
:1
30
1.
70
30
v2
  [
qu
an
t-p
h]
  2
8 M
ay
 20
13
Measuring the characteristic function of work distribution
L. Mazzola, G. De Chiara, and M. Paternostro
Centre for Theoretical Atomic, Molecular and Optical Physics,
School of Mathematics and Physics, Queen’s University, Belfast BT7 1NN, United Kingdom
(Dated: January 31, 2018)
We propose an interferometric setting for the ancilla-assisted measurement of the characteristic function of
the work distribution following a time-dependent process experienced by a quantum system. We identify how
the configuration of the effective interferometer is linked to the symmetries enjoyed by the Hamiltonian ruling
the process and provide the explicit form of the operations to implement in order to accomplish our task. We
finally discuss two physical settings, based on hybrid opto-/electro-mechanical devices, where the theoretical
proposals discussed in our work could find an experimental demonstration.
PACS numbers: 05.70.Ln, 05.30.Rt, 05.40.-a, 64.60.Ht
Thermodynamics is one of the pillars of natural sciences.
Its principles can predict the occurrence and efficiency of
complex chemical reactions and biological processes. In
physics, the conduction of heat across a medium or the con-
cept of arrow of time are formulated thermodynamically. In
information theory, the definitions of information and entropy
are also given in thermodynamical terms. Moreover, the tight-
ness of the link between information and thermodynamics can
be deduced from the interpretation of the landmark embodied
by Landauer’s principle [1].
The dexterity characterizing the current experimental con-
trol at the microscopic scale opens up tantalising questions,
the most pressing being probably the following: what happens
to thermodynamics when we deal with the non-quasistatic dy-
namics of quantum systems brought out of equilibrium? An
invaluable tool for the formulation of an answer in this sense
has been provided with the formulation of non-equilibrium
fluctuation relations and their quantum extension [2, 3], which
has recently enabled investigations at the crossroad of quan-
tum physics, thermodynamics, and information theory [4].
This includes proposals for experimental quantum thermal
machines [5], the study of the link between fluctuation rela-
tions and critical phenomena in many-body systems [6, 7],
the verification of the Jarzynski equality [8, 10, 11], and the
extension to open dynamics [12].
The verification and use of the Jarzynski inequality [11, 12]
requires the determination of the work distribution following
a process undergone by a system, a goal that needs feasible
experimental strategies. In Ref. [8, 9], two seminal propos-
als have been made: Huber et al. suggested a scheme based
on the performance of projective energy measurements on the
trapped-ion system undergoing a process. Their method uses
an ingenious “filtering scheme” whose implementation, un-
fortunately, can be of significant practical difficulty. Heyl and
Kehrein [9], on the other hand, showed that optical spectra
can be used to measure the work distribution of specific non-
equilibrium processes. However, their method only applies to
sudden quenches and is ineffective for general processes.
In this paper we propose a way to infer the quantum statis-
tics of a work distribution by relying on an interferomet-
ric approach that delegates the retrieval of the information
we are after to routine measurements performed on a finite-
size ancilla. We demonstrate that a qubit-assisted Ramsey-
like scheme is effective in fully determining the characteristic
function of the work distribution following a general quan-
tum process. The latter contains the same information as the
work distribution itself and can be equally used in the frame-
work of fluctuation relations for an out-of-equilibrium config-
uration. We identify the relation between symmetries in the
quantum process and the corresponding Ramsey interferom-
eter. Differently from Ref. [8], our scheme does not rely on
a specific setting and, by delegating the retrieval of informa-
tion to single-qubit measurements, bypasses the problem of
energy-eigenstate projections. In quite a stark contrast with
Ref. [9], our proposal is valid for any process and can be used
for a vast range of physical situations (cf. Ref. [13] for a re-
lated analysis on a trapped ion). As an illustration, we apply
it to a (micro-/nano-)mechanical oscillator coupled to a two-
level system and undergoing a displacement in phase space,
which is a situation of strong experimental interest. Designing
viable ways to access quantum statistics of non-equilibrium
processes is a significant step towards the grounding of this
fascinating area and the spurring of potential ramifications in
fields such as quantum control and foundations of quantum
mechanics [4, 14, 15].
QUANTUM FLUCTUATION RELATIONS: A BRIEF
REVIEW
Here we give a brief summary of the formalism that will be
used throughout this work. We consider a process undergone
by system S and described by a Hamiltonian ˆH(λt) depend-
ing on a work parameter λt, which is assumed to be externally
controlled. At t = 0−, S is in contact with a reservoir and ini-
tialised in a thermal state ρthS (λ0) = e−β
ˆH(λ0)/Z(λ0) at inverse
temperature β and work parameter λ0 [Z(λ) = Tre−β ˆH(λ) is
the partition function]. At t = 0+, we detach S from the reser-
voir and perform a process consisting of the change of λt to its
final value λτ. It is convenient to decompose the Hamiltoni-
ans connected by the process as ˆH(λ0) = ∑n En(λ0) |n〉 〈n| and
ˆH(λτ) = ∑m E′m(λτ) |m〉 〈m|, where (En, |n〉) [(E′m, |m〉)] is the
2nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) := ∑n,m p0n pτm|nδ [W − (E′m − En)]. Here, we
have introduced the probability p0n that the system is found in
state |n〉 at time t = 0 and the conditional probability pτ
m|n to
find it in |m〉 at time τ if it was initially in |n〉 and evolved un-
der the action of the propagator ˆUτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτ
m|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]
χ(u, τ) =
∫
dWeiuW P→(W) = Tr
[
U†τeiu
ˆH(λτ) ˆUτe−iu
ˆH(λ0)ρthS (λ0)
]
.
(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
〈e−βW〉 = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.
A SIMPLE ILLUSTRATIVE CASE
To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ˆHS (t) = g(λt)ˆh, with ˆh an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ˆHS (t) commutes with
itself and ˆUτ = e−i
ˆh
∫ τ
0 g(λt)dt at all instants of time. That is
[ ˆHi, ˆH f ] = [ ˆUτ, ˆHi( f )] = 0 with ˆHi ≡ ˆHS (0) = g(λ0)ˆh
and ˆH f ≡ ˆHS (τ) = g(λτ)ˆh. The characteristic function thus
simplifies as
χs(u) = Tr
[
ei(
ˆH f− ˆHi)uρthS (λ0)
]
(2)
and is fully determined by the changes induced in ˆHS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution ˆG(u) ˆV(u),
where ˆV(u) = e−i ˆHiu ⊗ ˆ1 A is a local transformation on S and
ˆG(u) is the controlled A-S gate
ˆG(u) = ˆ1 S ⊗ |0〉〈0|A + e−i( ˆH f − ˆHi)u ⊗ |1〉〈1|A , (3)
which applies e−i( ˆH f− ˆHi)u to the state of S only when A is in
|1〉A and leaves it unaffected otherwise. Gates having the form
1 S ⊗ |0〉〈0|A + ˆUS ⊗ |1〉〈1|A (with ˆUS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,
(a) (b)
FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0〉A and undergoing a Hadamard gate ˆH. System S is prepared
in a thermal state ρthS and is subjected to the local transformation ˆV.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b) Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σˆx, A
for instance, by S -A Hamiltonians having the structure OS ⊗
|1〉 〈1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-
tion [18, 19], our protocol proceeds as follows: We pre-
pare |0〉A and apply a Hadamard transform ˆHA = (σˆx,A +
σˆz,A)/
√
2 [25] that changes it into the eigenstate of the x-Pauli
matrix |+〉A = (|0〉A + |1〉A)/
√
2. We then apply ˆG(u) ˆV(u) on
ρthS ⊗ |+〉 〈+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate ˆG(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as
ρA = TrS [ ˆHA ˆG(u) ˆV(u)(ρthS ⊗ |+〉 〈+|A) ˆV†(u) ˆG†(u) ˆHA]
= ( ˆ1 A + ασˆz,A + νσˆy,A)/2
(4)
with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization 〈σˆz,A〉 and 〈σˆy,A〉 of A.
GENERAL PROTOCOL
We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [ ˆHi, ˆH f ] ,
0 and [ ˆUτ, ˆHi( f )] , 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement
ˆG(u, τ) = ˆUτe−i ˆHiu ⊗ |0〉〈0|A + e−i ˆH f u ˆUτ ⊗ |1〉〈1|A , (5)
which can be decomposed into local transformations and
A-controlled gates as ˆG(u, τ) = (1 S ⊗ σˆx,A) ˆG2(u, τ)(1 S ⊗
σˆx,A) ˆG1(u, τ) [cf. Fig. 1 (b)] with
ˆG1(u, τ) = ˆ1 S ⊗ |0〉〈0|A + e−i ˆH f u ˆUτ ⊗ |1〉〈1|A ,
ˆG2(u, τ) = ˆ1 S ⊗ |0〉〈0|A + ˆUτe−i ˆHiu ⊗ |1〉〈1|A .
(6)
3Using the same preparation of A as above and the Hadamard
transforms, we obtain a reduced state identical to the second
line of Eq. (4) with α→ Reχ(u, τ) and ν→ Imχ(u, τ).
PHYSICAL EXAMPLES
Two situations of current experimental interest can be used
to illustrate our main findings. They are both based on the
hybrid coupling between a two-level system and a mechan-
ical oscillator, which can be either microscopic (in a cavity
optomechanics setup) or nanoscopic (as in electromechanics).
We now show how to achieve the Hamiltonians regulating the
processes that we have so far described in both scenarios and
illustrate the principles of our proposal by calculating the cor-
responding characteristic function.
We start from a microscopic setting where a three-level
atom in a Λ configuration is coupled to a single-mode cav-
ity having a movable mirror and pumped by a laser at fre-
quency ωp. The atom is driven by a second field (frequency
ωi) entering the cavity radially [cf. Fig. 2 (a)]. The logical
states {|0〉 , |1〉} of A are encoded in the fundamental atomic
doublet (|e〉 being the common excited state). The scheme in-
cludes the driving (at rate Ω) of the transition |1〉↔|e〉 by the
field at frequency ωi. The transition |0〉↔|e〉 is guided by the
cavity field (frequency ωc) at rate g. Both the fields are de-
tuned by δ from |e〉 and we introduce the detuning ∆=ωc−ωp.
System S is embodied by the movable mirror, oscillating har-
monically at frequency ωS and driven (at rate η) by the cav-
ity through radiation-pressure [20]. We assume large single-
photon Raman detuning and negligible decay from the atomic
excited state, so that an off-resonant two-photon Raman tran-
sition is realized (dephasing will be discussed later). We
take ∆ ≫ (g, η) so that both |e〉 and the cavity field are vir-
tually populated and can be eliminated from the dynamics.
We then move to a rotating frame defined by the operator
ωpcˆ
†cˆ+ωi |e〉〈e|+ω10 |0〉〈0|A (we assume ~=1 throughout the
paper) with (cˆ, cˆ†) the operators of the cavity field.
We thus get ˆHmicro = ωS ˆb† ˆb + λ(ˆb† + ˆb) ⊗ |1〉 〈1|A with
λ = ηg2Ω2/δ2∆2 and (ˆb, ˆb†) the operators of the mechanical
oscillator [21]. Through the two-photon Raman transition, the
virtual quanta resulting from the atom-cavity field interaction
are transferred (by the cavity field) to S . The state of the latter
is correspondingly displaced in phase space, in a way con-
trolled by the state of A. By driving the cavity with a bichro-
matic pump with frequencies ωp ±ωS /2 and relative phase φ,
the effective coupling between A and S becomes such that dis-
placements in any direction of the phase space of the movable
mirror can be arranged [22–24]. This includes the possibility
to fully invert the sign of λ by arranging for φ = π. Moreover,
considering a time-dependent amplitude of the driving field,
we get λ→ λt = ηg2Ω2(t)/δ2∆2, so that we finally obtain
ˆH ′micro(t) = ωS ˆb† ˆb + λt(ˆb†eiφ + ˆbe−iφ) ⊗ |1〉 〈1|A . (7)
The state of A can be manipulated and reconstructed through
an optical probe and standard tools in quantum optics. Cur-
rent progresses in the fabrication of mechanical oscillators al-
low for very small decoherence rates, while optical cavities
with large quality factors are used in optomechanical exper-
iments [20], thus making a quasi-unitary picture plausible.
However, in order to provide a full assessment of the feasi-
bility of our scheme, we will soon provide a discussion of
decoherence effects.
A similar effective model is obtained by considering the
system shown in Fig. 2 (b), which involves a nanomechani-
cal oscillator (a nano beam) coupled capacitively to a Cooper-
pair box (CPB) operating in the charge-qubit regime at the
so-called charge degeneracy point [27]. In such conditions,
the dynamics of the CPB can be approximated to that of
a two-level system encoded in the space spanned by states
|a±〉, which are symmetric and antisymmetric superpositions
of states with exactly 0 and 1 excess Cooper pairs in the su-
perconducting island shown in Fig. 2 (b), and encode our
ancilla. The natural Hamiltonian of the system reads ˆH1 =
[ ˆQ − Qg(t)]2/(2Ct) − EJ(|a+〉 〈a+| − |a−〉 〈a−|) +ωS ˆb† ˆb with ˆQ
the canonical charge operator of the CPB, Ct the capacitance
of the island, Qg(t) = CgVg(t) + CxVx(t) the gate charge, EJ
the Josephson energy, ωS the frequency of the oscillator (as
before) [27], and Vg[x] the gate [drive] voltage. For a charge
qubit at the degeneracy point, an external magnetic flux can
set the conditions for negligible Josephson energy with respect
to the other rates of the Hamiltonian [27]. By defining ˆΣx,A =
|a+〉 〈a−| + |a−〉 〈a+|, expanding ˆH1 in series of the ratio be-
tween the actual position of the oscillator and its equilibrium
(a)
(b) (c)
FIG. 2: (Color online) (a) Hybrid micro-optomechanical setting for
the measurement of χ(u, τ). The process is undergone by a system
embodied by the movable cavity mirror. The ancilla is encoded in the
ground-state doublet of a three-level atom. (b) Nano-mechanical ver-
sion of the setup. System S is an electrically driven nano beam (bias
voltage Vx). The ancilla is a CPB coupled to S via the capacitance
Cx. The state of the CPB is controlled by the gate voltage Vg (coupled
to the box through the capacitance Cg) and the Josephson energy EJ .
(c) Plot of χ(u, τ) against ωS u for n = 1, λt = 0.1ωS tanh(ωS t), and
τ = 10ω−1S . The solid [dashed] lines show real and imaginary part of
the ideal [damped with Γ = 5τ−1] characteristic function.
4distance from the CPB (the amplitude of the oscillations is as-
sumed small enough that only first-order terms are retained)
and adjusting the voltages so that Qg(t) ≃ 0, the Hamiltonian
of the system becomes ˆHnano(t) = ωS ˆb† ˆb + λt(ˆb + ˆb†) ⊗ ˆΣx,A
(the form of λt in this case is inessential for our tasks) [26, 28].
The state of A can be processed (measured) tuning Vg(t) (us-
ing single-electron transistors) [27].
Both models describe a harmonic oscillator driven by an
external force that depends on the state of the ancilla. From
now on, in order to fix the ideas, we concentrate on the model
embodied by Eq. (7). The process that we aim ad discussing
here is embodied by a rapid change λ0 = 0 → λτ in the
work parameter entering the system’s Hamiltonian ˆHosc(t) =
ωS ˆb† ˆb + λt(ˆb + ˆb†), which implements a displacement of the
state of S in its associated phase-space. The fact that, con-
trary to our assumptions so far, A conditions only the term
λt(ˆb + ˆb†) in ˆH ′micro(t) and not the whole ˆHosc(t) results in
gates ˆ˜G(u, τ) and ˆ˜G1,2 that are slightly different from those
given in Eq. (A-3). However, a detailed calculation shows
that such differences are inessential to the effectiveness of the
proposed protocol. While we refer to the Appendix for a rig-
orous and detailed analysis, for the sake of completeness here
we provide a brief account of the form of such conditional
gates. More specifically, the reconstruction of the χ(u, τ) as-
sociated with the process at hand is possible using the condi-
tional gate ˆ˜G(u, τ) = (1 S ⊗ σˆx,A) ˆ˜G2(u, τ)(1 S ⊗ σˆx,A) ˆ˜G1(u, τ)
with ˆ˜G1(u, τ) = ˆG(u) ˆK(τ)ei ˆHfreeτ and ˆ˜G2(u, τ) = ˆK(τ)ei ˆHfreeτ.
Here ˆHfree = ωS ˆb† ˆb, ˆK(τ) = ˆT e−i
∫ τ
0
ˆH ′
micro(t)dt (in the Appendix
we give the explicit form of such gate), ˆT is the time-ordering
operator, and
ˆG(u) ≡ e−i ˆH ′micro(τ)u = e−i ˆHfreeu |0〉 〈0|A + e−i ˆHosc(τ)u |1〉 〈1|A , (8)
which is obtained by setting the work parameter to its final
value λτ and evolving for a time u. A calculation based on
phase-space methods allows us to evaluate the state of A asso-
ciated with the process. Following our protocol and using val-
ues of the parameters in typical ranges for the suggested mi-
croscopic experimental scenario [21], an initial thermal state
of mean occupation number n, and a rapid change of λτ, we
find the behavior of χ(u, τ) shown in Fig. 2 (c).
Let us now briefly assess the case embodied by ˆHnano(t).
This differs from the one illustrated above due to the fact
that, differently from ˆH ′
micro(t), the ˆΣx,A operator enters the
coupling with the system. In principle, this makes the im-
plementation of our protocol different from the micro me-
chanical case. However, as illustrated in the Appendix, such
differences can be removed using local operations applied to
the CPB and the nano beam independently. This means that
the Hamiltonian for the nanomechanical configuration can be
turned into a model formally equivalent to ˆH ′
micro(t), thus en-
abling the use of the same gates identified above without the
needs to re-design the whole protocol [cf. the Appendix for a
formal proof].
To evaluate the feasibility of our proposal, it is important
to consider the effect of decoherence. The most critical influ-
ence would come from dephasing affecting the quantum co-
herences in the A state, which are key to the success of our
protocol. This can be easily included in our analysis by con-
sidering an exponential decay (at rate Γ) of the off-diagonal
elements of the state of A between the gates ˆG1,2 (we assume
that local rotations are performed so quickly that no detrimen-
tal effect would be observed). This results in the decay of
χ(u, τ), as shown in Fig. 2 (c), where quite a large damping
rate is considered. Yet, the features of the characteristic func-
tion remain fully revealable. A different analysis holds for a
decoherence-affected process undergone by the system. As al-
ready discussed, this requires a redefinition of χ(u, τ) in terms
of Kraus operators, as recently shown by Albash et al. in [10].
Our preliminary assessment shows that the general working
principles of our interferometric scheme hold unchanged even
in this case. A full analysis will be presented in the Appendix.
CONCLUSIONS
We have proposed an interferometric protocol for the mea-
surement of the characteristic function of the work distribu-
tion corresponding to a process enforced on a system. The
scheme requires both local and A-controlled operations on
S , and shares similarities with Ramsey-based strategies for
parameter estimation. Albeit our proposal bears no depen-
dence on a specific experimental setting and is applicable to
any system allowing for a controllable system-ancilla interac-
tion and the agile measurement of A [13], we have illustrated
it discussing the case of a mechanical oscillator undergoing
a phase-space displacement and coupled to an ancilla. This
embodies an interesting out-of-equilibrium quantum dynam-
ics of current strong experimental interest. As χ(u, τ) is a key
element in the framework of quantum fluctuation relations,
designing viable strategies for its inference is an important
step forward for the grounding of out-of-equilibrium quantum
thermodynamics. Our proposal contributes to such a quest by
opening up the possibility for an experimental verification of
the connections between out-of-equilibrium quantum statis-
tics and criticality in a quantum many-body system [6, 14, 19].
Interesting routes for the application of our protocol include
the study of the properties of quantum thermal machines [15].
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5APPENDIX
In this Appendix we address in details the examples pro-
vided in the main text, showing how to construct the gates
required by our interferometric proposal in both the microme-
chanical and nanomechanical case.
Micromechanical system
Here we demonstrate how, using the Hamiltonian presented
in Eq. (7) of the main text, we can generate all the gates
needed to reconstruct the characteristic function of work of
a mechanical harmonic oscillator undergoing a process em-
bodied by
ˆHfree = ωS ˆb† ˆb → ˆHosc(t) = ˆHfree + λt(ˆb†eiφ + ˆbe−iφ). (A-1)
Physically, as the work parameter is changed from λ0 = 0
to λτ, the harmonic oscillator is displaced in its phase space.
Without affecting the generality of our protocol, we set φ = 0.
At the start of the process, the harmonic oscillator is prepared
in the thermal state ρthS (0) at inverse temperature β (cf. main
text). As stated in the main text, the conditional gate ˆG(u, τ)
needed to implement our scheme can be decomposed as
ˆG(u, τ) = (1 S ⊗ σˆx,A) ˆG2(u, τ)(1 S ⊗ σˆx,A) ˆG1(u, τ) (A-2)
with
ˆG1(u, τ) = ˆ1 S ⊗ |0〉〈0|A + e−i ˆH f u ˆUτ ⊗ |1〉〈1|A ,
ˆG2(u, τ) = ˆ1 S ⊗ |0〉〈0|A + ˆUτe−i ˆHiu ⊗ |1〉〈1|A .
(A-3)
However, as pointed out in the main text, in our example the
ancilla controls only the system’s term λt(ˆb† + ˆb) rather than
the full Hamiltonian ˆHosc(t). This implies some slight changes
to the form of the gates ˆG(u, τ) and ˆG1,2(u, τ) given in Eq. (6)
of the main text and reported above. Consistently with the pre-
sentation given in the main text, we label such gates as ˆ˜G(u, τ)
and ˆ˜G1,2(u, τ). Here we show how, in turn, ˆ˜G1,2(u, τ) can be
decomposed in gates that are directly generated by either the
free evolution of the system or the joint evolution of system
and ancilla. We now introduce
ˆK(τ) = ˆT e−i
∫ τ
0
ˆH ′
micro(t)dt
= e−i
ˆHfreeτ |0〉 〈0|A + ˆT e−i
∫ τ
0
ˆHosc(t)dt |1〉 〈1|A
(A-4)
with ˆH ′
micro(t) defined in Eq. (7) of the main text and ˆT
the time-ordering operator. In Ref. [29] it is shown that
ˆUτ ≡ ˆT e−i
∫ τ
0
ˆHosc(t)dt = ˆD(ατ)e−i ˆHfreeτ, where ˆD(ατ) =
exp[ˆb†ατ − ˆbα∗τ + iǫ(τ)] is a displacement operator with am-
plitude ατ = −ie−iωS τ
∫ τ
0 λte
iωS tdt and eiǫ(τ) is an inessential
phase factor (that cancels out during the calculations). There-
fore, ˆK(τ) can be recast into
ˆK(τ) =
(
|0〉 〈0|A + ˆD(ατ) ⊗ |1〉 〈1|A
)
e−i
ˆHfreeτ. (A-5)
We introduce also the gate ˆG(u), which is obtained by setting
the value of the work parameter to its final value λτ at time τ
and letting S and A evolve for a time u. That is
ˆG(u) ≡ e−i ˆH ′micro(τ)u = e−i ˆHfreeu |0〉 〈0|A + e−i ˆHosc(τ)u |1〉 〈1|A .
(A-6)
With these at hand, we build the gates needed for our task as
ˆ
˜G1(u, τ) = ˆG(u) ˆK(τ)ei ˆHfreeτ, ˆ˜G2(u, τ) = ˆK(τ)ei ˆHfreeτ. (A-7)
Here, the inverse-time free evolutions ruled by ˆHfree are
implemented using the well-known identity ei ˆHfreeτ =
e−i ˆHfree(2π/ωS −τ) [30]. Combining such results we find
ˆ
˜G(u, τ) = (1 S ⊗ σˆx,A) ˆ˜G2(u, τ)(1 S ⊗ σˆx,A) ˆ˜G1(u, τ)
= ˆD(ατ)e−i ˆHiu ⊗ |0〉〈0|A + e−i ˆH f u ˆD(ατ) ⊗ |1〉〈1|A ,
(A-8)
where ˆHi = ˆHfree and ˆH f = ˆHosc(τ). Although this expres-
sion is not identical to Eq. (5) in the main text, it allows us
to reconstruct the characteristic function of the stated process
and is thus absolutely equivalent to it, as far as our protocol is
concerned, as we demonstrate in what follows.
Let us use ˆ˜G(u, τ) in our protocol for the measurement of
the characteristic function χ(u, τ). For the sake of argument
we explicitly consider the reduced density matrix of the an-
cilla ρ′A = TrS [ ˆ˜G(u, τ)(ρthS ⊗ |+〉 〈+|A) ˆ˜G†(u, τ)]. This differs
from the form discussed in the main text only for the appli-
cation of the second Hadamard gate on A and is thus locally
equivalent to it. After a straightforward calculation we find
ρ′A =
1
2
1 A +
1
2
[ f (u, τ) |0〉 〈1|A + h.c.] (A-9)
with f (u, τ) = TrS [ ˆD(ατ)e−i ˆHiuρthS (0) ˆD†(ατ)ei ˆH f u]. We now
show that f (u, τ) is exactly the characteristic function of the
considered process. To this end, it is enough to introduce the
identity operator 1 S = e−i
ˆHiτei ˆHiτ at the right and left of ρthS (0).
As the latter is thermal, it is invariant under the action of the
free evolution, and we can write
f (u, τ) = TrS [ ˆD(ατ)e−i ˆHiτe−i ˆHiuρthS ei
ˆHiτ ˆD†(ατ)ei ˆH f u]
= TrS [ ˆUτe−i ˆHiuρthS ˆUτei
ˆH f u] ≡ χ(u, τ).
(A-10)
We have thus recovered the full expression for χ(u, τ). By
applying now the second Hadamard gate to ρ′A, we recover
the second line of Eq. (4) in the main text, thus concluding
our demonstration.
Nanomechanical system
In the limit of validity of the Hamiltonian ˆHnano given in the
main text, the formal difference between the example drawn
in the nanomechanical domain and ˆH ′
micro is in the form of the
operator for subsystem A. However, it is straightforward to
6show that the two models are equivalent and the same gate de-
composition given above can be used. To see this, it is enough
to first add an extra nano-beam term of the form λt(ˆb† + ˆb)
to the Hamiltonian ˆH1 defined in the main text. This can be
done by adding a voltage to an extra lead placed close to the
nano beam and opposite to the CPB in the setup shown in Fig.
2 (b) of the main text. We then consider the unitarily trans-
formed Hamiltonian ˆH ′nano(t) = (1 S ⊗ ˆ˜HA) ˆHnano(t)(1 S ⊗ ˆ˜HA)
with ˆ˜HA = ( ˆΣx,A + ˆΣz,A)/
√
2 the Hadamard gate for the CPB
and ˆΣz,A = |a+〉 〈a+| − |a−〉 〈a−|. Assuming the same working
conditions as in the main text, this changes the Hamiltonian
of the system into
ˆH ′nano(t) = ωS ˆb† ˆb + λt(ˆb + ˆb†) ⊗ (Σz + 1 A)
= ωS ˆb† ˆb + 2λt(ˆb + ˆb†) ⊗ |a+〉 〈a+|
(A-11)
which is formally equivalent to ˆH ′
micro(t). We can then use the
same gate decompositions discussed in details above to run
the protocol for the reconstruction of the characteristic func-
tion. Needless to say, an alternative to this procedure would
be to define a different gate-decomposition scheme based on
the form of ˆHnano(t), a goal that is left for future work.
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